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In this paperwe usea simplediscretedynamicalmodelto studypartitionsof integersinto powersof anothelinteger

We extend and generalizesomeknown resultsabouttheir enumeratiorand counting,and we give new structural
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1 Introduction

We studyherethe problemof writing a non-ngyative integer n asthe sumof powersof anothermositive
integerb:
n= pobO + plbl +---+ pk_lbk_l

with px_1 # 0 and p; € N for all i. Following [Rod69, we call the k-tuple (po, p1,-- ., Pk-1) a b-ary
partition of n. Theintegersp; arecalledthe parts of the partition andk is the lengthof the partition. A
b-ary partition of n canbe viewed asa representatiof n in the basisb, with digitsin N. Corversely
givenak-tuple (po, ..., pk—1) andabasish, we will denoteby vy(po, ..., pk—1) theinteger pob® + pibt +
---+ pk_10¥"L. Thereis a uniqueb-ary partitionsuchthat p; < b for all i, andit is the usual(canonical)
representationf n in the basisb. Here,we considerthe problemwithout any restrictionover the parts:
pi € N, whichis actuallyequivalentto saythat p; € {0,1,...,n} for all i. We will mainly be concerned
with the enumeratiorandcountingof the b-ary partitionsof n, for givenintegersn andb.

This naturalcombinatorialproblemhasbeenintroducedby Mahler [Mah4(, who shaved that the

logarithmof thenumberof b-ary partitionsof n grows as ('Zﬂgg)bz . Thisasymptoticapproximatiorwaslater
improved by de Bruijn [dB48] andPenningtoriPen53. Knuth [Knu66] studiedthe specialcasewhere
b = 2. In this case the function countingthe b-ary partitionsfor a givenn is calledthe binary partition
function This function hasbeenwidely studied.Eulerand Tanturri[Eul50, Tan18a Tan18 studiedits
exact computationand Churchhous¢Chu69 Chu77] studiedits congruenceproperties while Frobeig
[Fro77 gave afinal solutionto its asymptoticahpproximationLater, RodsetHRod69 generalizedgome
of theseresultsto b-ary partitionsfor ary b. Finally, Pfaltz [Pfa9g studiedthe subcaseof the binary
partitionsof integerswhich arepowersof two.
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We areconcernecerewith the exactcomputatiorof the numberof b-ary partitionsof a giveninteger
n, for arny b. We will usea powerful techniquewe developpedin [LP99] and[LMMP98]: incremental
constructionof the setof b-ary partitionsof n, infinite extensionand coding by an infinite tree. This
methodgivesa deepunderstandingf the structureof the setof b-ary partitionsof n. We will obtain
this way a treestructurewhich permitsthe enumeratiorof all the b-ary partitionsof nin lineartime with
respecto their number We will alsoorderthesepartitionsin a naturalway which givesthe distributive
lattice structureto this set. We recallthata lattice is a partially orderedsetsuchthatany two elementsa
andb have aleastupperbound(calledsupemumof a andb anddenotedcby aV b) anda greatestower
bound(calledinfimumof a andb anddenotedby aA b). TheelementaV b is thesmallestelementamong
theelementgreaterthanbotha andb. Theelementa A b is defineddually. A latticeis distributiveif for
alla, bandc: (avb)A(avc) =aVv(bAc) and(aAb)V(aAnc) =aA(bvc). A distributive latticeis a
stronglystructuredset,andmary generaresultsfor exampleefficient codingandalgorithmsareknown
aboutsuchsets.For moredetails,seefor example[DP9(.

Notice thatif we considerb = 1 andrestrictthe problemto partitionsof lengthat mostn, thenwe
obtainthecomposition®f n, i.e. theseriesof at mostn integers,the sumof which equalsn. Many studies
alreadydealwith this specialcase. In particular the (infinite) distributive lattice Ry () which we will
introducein Sectiond is isomorphicto thewell known Younglattice[Ber71]. Thereforewe will suppose
b > 1in thefollowing. Notice howeverthatsomeof theresultswe presentierearealreadyknown in this
specialcase(for examplethe distributive lattice structure) thereforethey canbe seenasan extensionof
theexisting ones.

2 The lattice structure

In this section we definea simpledynamicalmodelwhich generatesll the b-ary partitionsof aninteger.
Wewill shav thatthesetof b-ary partitions,orderecdby thereflexive andtransitve closureof thesuccessor
relation,hasthedistributive lattice structure.

Letusconsiderab-arypartitionp= (po, p1,- .., Pk—1) Of n, andlet usdefinethefollowing transition(or
rewriting) rule: p — q if andonlyif for all j & {i,i+ 1}, gj = pj, pi >b,q = pi—bandgiy1 = piy1+1
(with theassumptiorthat px = 0). In otherwords,if p; is atleastequalto b thenq is obtainedfrom p by
removing b unitsfrom p; andaddingoneunit to p;+1. We call this operatiorfiring i. Theimportantpoint
is to noticethatq is thena b-ary partitionof n. We call g a successof of p, andwe denoteby Suca,(p)
the setof all the successorsf p, with respecto therule. We denoteby R,(n) the setof b-ary partitions
of n reachabldrom (n) by iteratingthe evolution rule, orderedby the reflexive andtransitve closureof
the successorelation. Notice that the successorelationis the coveringrelationof the order, sinceit is
definedasthetransitive andreflexive closureof the successorelation,andonecaneasilyverify thatthis
relationhasnoreflexive (x — x) andnotransitve (x — zwith x — y andy — 2) edge.SeeFigurel
for someexamples.

Givena sequencd of firings, we denoteby |f|; the numberof firings of i during f. Now, consider
an elementp of Ry(n), andtwo sequenced and f’ of firings which transform(n) into p. Then, p; =
|flica—b-|fli = |f']ic1—b-|f'|i. Supposehatthereexistsanintegeri suchthat|f|; # |f'|;, andleti
bethe smallestsuchinteger Then,|f|i-1 = |f’|i_1 andtheequality|f|_1 —b-|f|i = |f'li_1 —b-|f'|i is

T Noticethatthetermsuccessocanhave mary differentmeaningsWefollow herethestandardisagen discretedynamicamodels,
but in ordertheorythetermhasanothemmeaningandonemayalsoconsiderthata successoof aninteger n shouldbetheinteger
n+ 1, whichis notthe casehere.
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9 9 10 11 12 15
7,1 6, 7,1 8‘,1 9‘,1 1%,1

| | |

5,2 3, 4,2 5,2 6,2 9,2

— | | |

3,3 50,1 0,3 1,3 2,3 3,3 6,3

1,4 31,1 0,01 101 20,1 04 3,0,1 3,4 6,0,1

1,2,1 0,11 0,5 3,11

| —

1,0,2 0,2,1

1001

Fig. 1: Fromleft toright, thesetsRy(9), R3(9), R3(10), R3(11), R3(12) andR3(15). FromTheoreml, bothof these
setsis a distributive lattice.

impossible. Thereforewe have |f|; = |f'|; for all i. This leadsto the definition of the shotvectors(p):
s(p)i is thenumberof timesonehaveto fire i in orderto obtainp from (n). Now we canprove:

Lemmal Forall pandqin Ry(n), p < qif andonlyif for all i, s(p); > s(q);.

Proof: If p<q,i.e. pisreachabldrom qthenit is clearthatfor all i, s(p)i > s(q);. Corverselyif there
existsi suchthats(p); > s(q)i, thenlet j bethesmallessuchinteger. Thereforeg; > p; +bandsoqcan
befiredat j. By iteratingthis processwe finally obtainp, andsop < g. 0

Theorem1 For all integers b andn, theorder Ry(n) is a distributive lattice which containsall the b-ary
partitionsof n, with theinfimumand supemumof anytwo elementg andq definedby:

s(pV q)i = min(s(p)i,s(a)i) ands(pAq)i = max(s(p)i,s(q)i)-

Proof: Wefirst shav thatR,(n) containsall the b-ary partitionsof n. Considerp ab-ary partitionof n. If
p = (n), thenp € Ry(n), sowe supposehat p # (n). Thereforetheremustbe anintegeri > 0 suchthat
pi > 0. Letusdefineq suchthatq; = p; for all j & {i—1,i}, g1 = pi—1+bandg = pi — 1. It is clear

thatq is a b-ary partitionof n, andthatif q € Ry(n) thenp € Ry(n) sinceq =1 p. It is alsoobviousthat,
if we iteratethis processwe go backto (n), andsop € Ry(n).

We now prove theformulafor theinfimum andthe supremumLet p andq bein Ry(n), andr suchthat
s(r)i =min(s(p)i,s(q)i). FromLemmal, p andq arereachabldéromr. Moreover, if pandq arereachable
fromt € Ry(n), then,from Lemmal, r is reachabldrom t sincewe musthave s(t); < min(s(p)i,s(q)i)
(elseonecannot transformt into p or g). Thereforer is the supremunof p andq, asclaimedin the
theorem.The argumentfor theinfimum is symmetric.Finally, to prove thatthelatticeis distributive, we
only have to checkthatthe formulaesatisfythe distributivity laws. 0

We will now show thatthedynamicalmodeldefinedherecanbeviewedasa specialChip Firing Game
(CFG).A CFG[BLS91, BL92] is definedover a directedmultigraph. A configurationof the gameis a
repartitionof a numberof chipsoverthe verticesof the graph,andit obeys the following evolution rule:
if avertex v containsasmary chipsasits outgoingdegreed, thenonecantransferonechip alongeachof
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its outgoingedgesIn otherwords,the numberof chipsatv is decreasetly d and,for eachvertex v # v,
thenumberof chipsatv is increasedy the numberof edgedrom v to v. This modelis very generaland
hasbeenintroducedin variouscontets, suchasphysics,computersciencegconomicsandothers.lt is
in particularvery closeto thefamousAbelian SandpileModel [LPOQ].

It is known that the setof reachableconfigurationsof sucha game,orderedwith the reflexive and
transitive closureof the transitionrule, is a Lower Locally Distributive (LLD) lattice (see[Mon9(] for a
definitionandproperties)but it is notdistributive in generalBL92, LP0O0O, MPV01]. However, if alattice
is LLD andits dual,i.e. thelattice obtainedby reversingthe orderrelation,alsois LLD, thenthelatticeis
distributive. Thereforewe cangive anothemproof of thefactthatR,(n) is adistributive latticeby shaving
thatit is the setof reachableonfigurationsf a CFG,andthatits dualtoo*.

Given two integersn and b, let us considerthe following multigraphG = (V,E) definedby: V =
{0,...,n} andthereare b+! edgesfrom the i-th vertex to the (i + 1)-th, for all n < i < 0. Now, let
us considerthe CFG C definedover G by theinitial configurationwherethe vertex 0 containsn chips,
the otheronesbeingempty Now, givena configurationc of the CFG, wherec; denoteghe numberof
chipsin the vertex numberi, let us denoteby c the vectorsuchthatc; = %. Then, if the CFGis in
the configurationc, an applicationof the rule to the vertex numberi givesthe configurationc’ suchthat
¢ =c—b* ¢, =cy+bttandc, =cjforall j ¢ {i,i+1}. Noticethatthis meansexactly thatG;
is decreasedby b andthatci, 1 is increasedy 1, thereforean applicationof the CFG rule corresponds
exactlyto anapplicationof the evolution rule we definedabove, andsothe setof reachableonfigurations
of the CFGis isomorphicto Ry(n). This leadsto thefactthatR,(n) isaLLD lattice.

Conversely let G’ be the multigraphobtainedfrom G by reversingeachedge,andlet us considerthe
CFGC' overG' suchthattheinitial configurationof C' is thefinal configurationof C. Thenit is clearthat
the setof reachableonfigurationof C' is nothingbut the dual of the oneof C, thereforeit is isomorphic
to the dual of Ry(n). This leadsto the factthat the dual of R,(n) is a LLD lattice, which allows usto
concludethatR,(n) is a distributive lattice.

3 From Ry(n) to Ry(n+1)

In this section,we give a methodto constructthe transitive reduction(i.e. the successorelation) of
Rp(n+ 1) from the oneof Ry(n). In thefollowing, we will simply call this the constructionof R,(n+ 1)
fromRy(n). Thiswill show theself-similarityof thesesets andgive anew way, purelystructural to obtain
arecursve formulafor |R,(n)|, whichis previously known from [Rod69 (the specialcasewhereb =2 is
dueto Euler[Eul50]). Thisconstructiorwill alsoshov thespecialrole playedby certainb-ary partitions,
which will be widely usedin the restof the paper Therefore we introducea few notationsaboutthem.
We denoteby P, (b, n) the setof the partitionsp in Ry(n) suchthatpp = p1 =--- = pi_1 = b— 1. Notice
thatfor all i we have P(b,n) C P;1(b,n) andthatPy(b,n) = Ry(n). If p=(po,...,Pk-1) isin R(b,n),
we denoteby p~i the k-uple (0,...,0,pi + 1, pi+1,.--,Pk—1). In otherwords, p~i is obtainedfrom p
by switchingall thei first component®f p from b— 1 to 0 andaddingoneunit to its i-th componend.
Noticethatthek-uple p™9, whichis simply obtainedfrom p by addingoneunit to its first componentis
alwaysab-ary partitionof n+ 1. If Sis asubsebf R (b,n), we denoteby S~ theset{p~i| p € S}.

* This ideais dueto ClemenceMagnien,who introducedthis new way to prove thata setis a distributive lattice usingtwo Chip
Firing Games.
§ This operatotis known in numeratiorstudiesasan odometerSee[GLT95] for moreprecisions.
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Notice that, if p — ¢ in Rp(n), then p=° — ¢ in Ry(n+1). This remarkmakesit possibleto
constructRy(n+ 1) from Ry(n): the constructionprocedurestartswith the lattice R,(n)~*° given by its
diagram.Then,we look for thoseelementsn R,(n)~° thathave a successoout of R,(n)~°. Thesetof
theseelementwill bedenoteddy g, with Ig C Ry(n)~°. At this point, we addall the missingsuccessors
of theelementf lp. Thesetof thesenew elementwill bedenotedby Cy. Now, welook for theelements
in Cp thathave a successoout of the constructedset. The setof theseelementds denotedby 11. More
generally at the i-th stepof the procedurewe look for the elementsn Ci_; with missingsuccessorand
call l; the setof theseelements We addthe new successorsf the elementf |; andcall the setof these
new element<C;. At eachstep,whenwe adda new elementwe alsoaddits coveringrelations. Since
Rp(n+ 1) is afinite set,this procedurgerminates At the end,we obtainthewholesetR,(n+ 1). In the
restof this sectionwe studymorepreciselythis constructiorprocess.

)~

Lemma?2 Let p be a b-ary partition in R(b,n). If p; # b— 1 thenSucg,(p~) = Sucag,(p) . Else

Sucay(p~") = Sucay(p) U {p i)
Proof: If atransitionp —J> gispossiblethenp™: —J> g~ is obviouslypossible Moreover, anadditional
transitionis possiblefrom p~i if andonly if p; = b— 1. In thiscase,p™ —» p~i+L, O

Lemma 3 For all integer b, n andi, wedefinethefunctionr; : B (b,n) — Rb(”—g,—l —1) by: ri(p) is obtained
fromp € RB,(b,n) byremwingits i firstcomponent§which are equalto b — 1). Thenr; is a bijection.
Proof: Letusconsiderpin R(b,n): p=(b—1,b—1,....b—1,p;,...,pk). Then,it is clearthatr;(p) =
(i, ) isin Ry( i =0=b=boe— bV 2y _ g ity _ Ryl _ 1) Converselyif we consider
pin Rb(”—;,—l —1), thenr*(p) = (b—1,b—1,...,b—1,po, p1,---, Px) iS a b-ary partitionof m= (b—

1)+ (b—1b+---+ (b— 1)b' =1+ M1=E whichis nothingbut n. Therefores(p) isin Ry(n). 0

Lemma4 For all integer b, n andi, wehavel; = P1(b,n)7 andC; = Py1(b,n)7i+1.

Proof : By inductionoveri. Fori =0, it is clearfrom Lemmaz2 thatthe setof elementsn Ry(n)~°
with amissingsuccessgnamelyly, is exactly Py (b, n)~°. Moreover, the setof thesemissingsuccessors,
namelyCy, is clearly P;(b,n)~1. Now, let us supposehatthe claim is provedfor i andlet us prove it
for i+ 1. Thesetli;1 is the setof elementsn C; with one missingsuccessorBy inductionhypothesis,
we have C; = P41(b,n)7i+1 andso, from Lemmaz2, li11 = P42(b,n)7+1. Then,by applicationof the
evolution rule, it is clearthatthe setCi; of the missingsuccessois P.2(b,n)7+2, which provesthe
claim. 0

Theorem 2 For anypositiveinteger b andn, we have:
n =i
w =L (R -2)
i>0
CESALYON
Ro(n)| = Ro(p
[Ro()| i; B

whete | | denoteghe disjoint union,whee Ry(n) is takenas® whenn is not a positiveinteger, and with
Ro(0) = {0}.
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Proof: Fromtheconstructiorprocedurelescribedabore, we have Ry(n) = Ry(n— 1) 70U |;5oCi. From
Lemmad4, we obtainRy(n) = Ry(n—1)°L| fi»oP.+1(b,n) 1. Moreover, sinceR,(n— 1) is nothing
but Py(b,n)=°, this is equivalentto Ry(n) = |li»oP (b,n)~*. Finally, from Lemma3, we obtainthe
announcedormula. -

From this formula, we have Ry(7) = Lliso r—l(Rb(B,’l—1 —1)71). Therefore,[Ry(n)| = YisolRo(f —
1)| = [Ro(n—1)| + Tis0lRo(fir — DI = |Re(n—1)| +[Ro(§)|- We obtaintheclaim by iteratingthis last
formula. 0

Thefirst formulagivenin this theoremcanbe usedto computethe setsR,(n) efficiently sinceit only
involvesdisjoint unions. We will give in Section5 anothermethodto computeR,(n) which is much
simplier, asit gives Ry(n) a tree structure. However, the formula is interestingsinceit points out the
self-similarstructureof the set(seeFigure4).

The secondformulais previouly known from [Rod69, andfrom [Eul5Q] in the specialcasewhere
b = 2. Noticethatthis doesnot give a way to compute|Ry(n)| in lineartime with respecto n, which is
anunsohedproblemin thegenerakaseput it givesavery simpleway to computerecursvely |R,(n)|.

4 Infinite extension

Rp(n) is thelattice of the b-ary partitionsof n reachabldrom (n) by iterationof the evolution rule. We
now defineRy () asthesetof all b-ary partitionsreachabldrom (). Theorderon R, () is thereflexive
andtransitive closureof the successorelation. For b = 2, thefirst b-ary partitionsin R,() aregivenin
Figure2 alongwith their coveringrelation(thefirst componentwhichis alwaysinfinity, is notrepresented
onthisdiagram).Noticethatit is still possibleto definethe shotvectors(p) of anelementp of R,() by:
s(p)i is thenumberof timesonehasto fire i in orderto obtainp from ().

S
s 3 - 01
e T~ —
4 //11
5 S 21 -l
. A
41 1 -..00L
8/\/\/\ -
51 22 101
9 61 32 03 201
e T T T
10 71 42 13 301 011
T T T N~
11 81 52 23 401+ 111 .

Fig. 2: Thefirst b-ary partitionsobtainedn R, () whenb = 2. Two partsisomorphicto Ry(4) aredistinguishedas
well astwo partsisomorphicto Ry(7).

Theorem 3 ThesetR,() is a distributivelattice with:

s(pV q)i = min(s(p)i,s(q)i) ands(pA q)i = max(s(p)i,s(q)i)
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for all pandqin Ry(e). Moreover, for all n thefunctions

T S= (S1,%, %) — T(S) = (,%,...,%)

and
T:s= (Sf|-7$775k) —>T(S) = (OO,S[L,SZ,...,SK)
are lattice embeddingsf Ry(n) into Ry(c).

Proof: Theprooffor thedistributive lattice structureandfor the formulaeof theinfimum andsupremum
is very similar to the proof of Theoreml. Thereforeijt is left to thereader

Given p andqin Ry(n), we now provethatTi(p) vV 1i(q) = 1(pV ¢). From Theoreml, we have s(pV
Q)i = min(s(p)i,s(q)i). Moreover, it is clearthats(i(x)); = s(x); for all x in Ry(n). Therefores(t(pV
q))i = min(s(1y(p))i, s(11(q) )i) ), which shavs thatTt preseresthe supremumThe proof of Ti(p) ATH(q) =
T(pA Q) is symmetric.Thereforetis alatticeembedding.

The proof for 1 is very similar whenonehasnoticedthat the shotvectorof 1(s) is obtainedfrom the
oneof s by addinga new first componenequalto n. 0

With similar agumentspnecaneasilyshov that(R,(n)) is a sublatticeof (R,(n+ 1)), andsowe
have aninfinite chainof distributive lattices:

T(Ry(0)) < T(Rp(1)) < --- < T(Ry(N)) < T(Rp(N+1)) < --- < Ry(),

where < denotesthe sublatticerelation. Moreover, one can usethe self-similarity estalishechereto
construcffilters of R,() (afilter of a posetis anupperclosedpartof the poset). Indeed,if onedefines
Ry(< n) asthe sub-orderof R,(») over Ui<nRy(i), thenonecanconstructefficiently Ry(< n+ 1) from
Ry(< n) by extractingfrom R, (< n) apartisomorphido R,(n+ 1) andpastingit to R,(< n). SeeFigures2
and4.

Noticethat, for all integerb, R, () containsexactly all thefinite sequencesf integers,sinceary such
sequenceanbe viewedasa b-ary partition of anintegern. Therefore we provide infinitely mary ways
to give the setof finite sequencesf integersthe distributive lattice structure.

5 Infinite tree

As shown in our constructionof Ry(n+ 1) from Ry(n), eachb-ary partition p in Ry(n+ 1) is obtained
from anotherone p’ € Ry(n) by applicationof the operator:p = p'~"' with i anintegerbetweer0 and
I(p'), wherel (p') denoteghe numberof b — 1 atthebeginningof p’. Thus,we candefineaninfinite tree
Th(0) whosenodesarethe elementf | |,-9Rs(n) andin which thefatherhoodelationis definedby:

gisthe(i + 1)-th sonof pif andonly if g= p~' for somei, 0<i < I(p).

Theroot of this treeis (0) andeachnodep of Ty(«) hasl(p) + 1 sons. Thefirst levels of Tp(0) when
b = 2 areshawn in Figure3 (we call the setof elementof depthn the“level n” of thetree).
Proposition1 Theleveln of Ty(«) containsexactlythe element®f Ry(n).

Proof : Straightforvardfrom the constructiorof Ry(n+ 1) from Ry(n) givenabove andthe definition of
thetree. 0

If we defineRy(n) as{(s,...,%) | (S1,%,---,5) € Ro(n)}, then:
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|
1
™~
P
? 11
~
4‘1 2‘1 0‘2 0?1
? 3‘1 12 101
6‘5 4‘1 2‘2 0‘3‘ 2?1 0‘11
7 5132 13 301 111
Lo~ ——
5‘3 6‘1 4‘2 2‘3 0‘4 4?1 2‘11 0‘21 0?2 00‘01
9 71 52 33 14501 311 121 102 1001

Fig. 3: Thefirst levelsof Ty() whenb = 2. We distinguishedsomespecialsubtreeswhich will play animportant
rolein thefollowing.

Proposition2 For all integer n, the elementof Ry(n) are exactly the elementf the LEJ first levelsof
Tp ().
Proof : Let usfirst prove thatthe elementof Ry(n) arethe nodesof a subtreeof Ty () thatcontainsits
root. Thisis obviously truefor n= 0. The generalcasefollows by induction,sinceby constructiorthe
elementf Ry(n+ 1) \ Ry(n) aresonsof elementof Ry(n).

Now, let usconsideranelemente of thel-th level of Ty (). If thereis ab-ary partition p of n suchthat
P=-¢ thenclearlyp, = g_1 foralli > 0andpy = n—b-I. Thereforejf eisin Ry(n) thenall theelements
of thel-th level arein Ry(n), andthisis clearlythe caseexactlywhen0 < | < | #]. This endsthe proof.

Notice thatthis propositiongivesa simpleway to enumeratehe elementof R,(n) for ary nin linear
time with respecto their number sinceit givesthis seta treestructure Algorithm 1 achevesthis.

We will now shaw that Tp(0) canbe describedrecursiely, which allows usto give a new recursve
formulafor |Ry(n)|. In orderto do this, we will usea seriesknown asthe b-ary carry sequencg¢Slo73:
cp(n) =k if bX dividesn but b*** doesnot. Notice thatthis functionis definedonly for n > 0 (or onecan
considerthatc,(0) = «). Theseseriesappealin mary contets, andhave mary equivalentdefinitions'.
Here,we will mainly usethe factthatthe first n suchthatc,(n) = k is n = b¥, andthe factthatc,(n) is
nothing but the numberof component&qualto b — 1 at the begining of the canonicalrepresentatiomnf
n— 1in thebasisb.

Definition 1 Letp € Tp(). Letusconsidertherightmostbranch of T,(e) rootedat p (p is consideedas
thefirstnodeof thebranch). We saythat p is theroot of a Xy, k subtregof Ty()) if this rightmostbranch
is asfollows: for i < b*~1, thei-th nodeonthebranch has j = cy(i) + 1 sons,andthel-th (1< | < j) of
thesesonsis therootof a X, subtee Moreover, the (b1 4 1)-th nodeof the brandh is itself the root of
aXpk subtee

For example,we shav in Figure3 a X, » subtreeof To(«), composedf a Xz 1 subtreeandanotherX, »
subtree Noticethata X, ; subtreds simply achain.

b—1times

——
' For example,if onedefinestheseriesCphp =0andCypj =Chj_1, 1,Chj—1 ,thency(i) is nothingbutthei-th integerof the series
Cp,i. Thetenfirst valuesfor c(i) are0,1,0,2,0,1,0,3,0,1 andthetenfirst onesfor cs(i) are0,0,1,0,0,1,0,0,2,0.
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Algorithm 1 Efficientenumeratiorof the elementf Ry(n).

Input: An integern andabasisb
Output: Theelementf Ry(n)
begin
Resu— {(n)};
CurrentLevel «« {()};
OldLevel «+ 0; | «+ 0;
while | < 7] do
OldLevel + CurrentLevel;
CurrentLevel + 0
| «14+1;
for eachpin OldLevel do
i+ 0;
repeat
Add p~i to CurrentLevel;
i <—i+1;
| until p_1#b—1;
for eachein CurrentLeveldo
Createp suchthatp; = g_1 foralli >0andpg=n—Db-I;
| Add p to Resu;

Return(Resu);
end
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Proposition3 Letp=(0,0,...,0, px,...) in Tp() with px > b— 1. Then,pistherootofa X ;1 subtee
of Tb(OO).

Proof: Theproofis by inductionoverk andthedepthof p. Let usconsidetherightmostbranchrootedat
p. Since for all gin Ty(), therightmostsonof g is g~ with i thenumberof b— 1 atthebeginningof q, it
is clearthatthe j-th nodeof this branchfor j < bXis q= (qo,...,qk_1, Pk,--- ) Where(qp, - .., 0k_1) is the
canonicalepresentatioof j — 1in thebasish. Thereforeg beginswith c,(j) componentgqualtob—1,
andso,for | =1,...,¢cp(]j), thel-th sonof g startswith | — 1 zeroesfollowed by a componenequalto
b> b—1. By inductionhypothesiswethenhavethatthesonsof g aretherootsof X, | subtreesMoreover,
the (bX+ 1)-th nodeon therightmostbranchbeginswith exactly k zeroedollowedby acomponengreater
thanb — 1, andsoit is therootof a X, k41 subtreeby inductionhypothesis. 0

Theorem4 Theinfinite tree Tp() is a X, tree: it is a chain (its rightmostbranch) suc that its i-th
nodehascy(i) sonsandthe j-th of thesesons,1 < j < cy(i), is therootof a X, j subtee Moreover, the
i-th nodeof thechainis the canonicalrepresentatiorof i — 1 in thebasisb.

Proof : Sincetherightmostsonof p € Ty() is p~i, wherei is the numberof b — 1 at the beginning of
p, andsincetheroot of Ty () is nothingbut the canonicakepresentatioof 0, it is clearby inductionthat
thei-th nodeof therightmostbranchof Ty() is thecanonicakepresentationf i — 1 in thebasish. Then,
thetheoremfollows from Proposition3. 0

We now have arecursvedescriptiorof Ty(e0), whichallows usto giverecursveformulafor thecardinal
of somespecialsets. Let usdenoteby 15,(1, k) the numberof pathsof lengthexactly | startingfrom the
rootof a Xk subtreeof Ty(e). We have:

Theorem5

1 | ifo<l<b
(K =4 1+5a 5Pl —i) ith< | <b?
(1 — b LK) + 525 52V (1 —i,j)  otherwise(l > b)

Moreover, |Ry(n)| = T,(N,n) and the numberof b-ary partitions of n into exactly| partsis 1, (n— (b—
n'.
Proof : Theformulafor my(l,k) is directly deducedrom the definition of the X, subtrees.The other

formulaederive from Theorem4 andfrom the factthatall the b-ary partitionsof lengthl arein a Xy,
subtreeof Ty (c0)whichis rootedat the (b — 1)'-th nodeof the righmostbranchof Ty(e). 0

6 Perspectives

Theresultspresentedhn this papemainly point out the strongself-similarity andthe structureof the sets
Ro(n). As alreadynoticed,it is an openquestionto computethe cardinalof Ry(n) in linear time with
respecto n, andonemay expectto obtaina solutionusingtheseresults.

Another interestingdirection is to investigatehow one can extend the dynamicswe study A first
ideais to considernon-integer basis,in particularcomplex basisor Fibonnaccibasis. For example, if
we considerthe complex basisb = i — 1 thenwe canobtain all the waysto write an integer n asthe
sumof powersof b by iteratingthe following evolution rule from (n): qis a successoof pif p—q=
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(,...,0,2,0,—1,-1,0...,0). In otherwords, we can decreasevy two the j-th componeniof p and
increaseby oneits (j + 2)-th andits (j + 3)-th componentdor someinteger j. This givesto the setof
representationsf n in the complex basisb = i — 1 the lattice structuresincethis canbe encodecby a
Chip Firing Game[LPOQ] (noticehowever thatin this casethelattice is no longerdistributive). Another
interestingcaseis whenb = 1. As alreadynoticed,we obtainthe Younglattice,or equivalentlythelattice
of thecompositionf n.
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