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In thispaper, weusea simplediscretedynamicalmodelto studypartitionsof integersinto powersof anotherinteger.
We extendandgeneralizesomeknown resultsabouttheir enumerationandcounting,andwe give new structural
results. In particular, we show that the set of thesepartitionscan be orderedin a naturalway which gives the
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1 Introduction
We studyheretheproblemof writing a non-negative integern asthesumof powersof anotherpositive
integerb:

n � p0b0 � p1b
1 ��������� pk � 1bk � 1

with pk � 1
�� 0 and pi �
	 for all i. Following [Rod69], we call the k-tuple � p0 � p1 ��
�
�
�� pk � 1 � a b-ary

partition of n. The integerspi arecalledthepartsof thepartitionandk is the lengthof thepartition. A
b-ary partition of n canbe viewed asa representationof n in the basisb, with digits in 	 . Conversely,
givenak-tuple � p0 ��
�
�
�� pk � 1 � anda basisb, wewill denoteby vb � p0 ��
�
�
�� pk � 1 � theinteger p0b0 � p1b1 �������� pk � 1bk � 1. Thereis a uniqueb-ary partitionsuchthat pi � b for all i, andit is theusual(canonical)
representationof n in thebasisb. Here,we considertheproblemwithout any restrictionover theparts:
pi ��	 , which is actuallyequivalentto saythat pi �
� 0 � 1 ��
�
�
�� n � for all i. We will mainly beconcerned
with theenumerationandcountingof theb-arypartitionsof n, for givenintegersn andb.

This naturalcombinatorialproblemhasbeenintroducedby Mahler [Mah40], who showed that the

logarithmof thenumberof b-arypartitionsof n growsas � logn� 2
2logb . Thisasymptoticapproximationwaslater

improvedby de Bruijn [dB48] andPennington[Pen53]. Knuth [Knu66] studiedthe specialcasewhere
b � 2. In this case,the functioncountingtheb-ary partitionsfor a givenn is calledthebinary partition
function. This functionhasbeenwidely studied.EulerandTanturri [Eul50, Tan18a, Tan18b] studiedits
exact computationandChurchhouse[Chu69, Chu71] studiedits congruenceproperties,while Fröberg
[Fro77] gaveafinal solutionto its asymptoticalapproximation.Later, Rödseth[Rod69] generalizedsome
of theseresultsto b-ary partitionsfor any b. Finally, Pfaltz [Pfa95] studiedthe subcaseof the binary
partitionsof integerswhicharepowersof two.
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We areconcernedherewith theexactcomputationof thenumberof b-ary partitionsof a giveninteger
n, for any b. We will usea powerful techniquewe developpedin [LP99] and[LMMP98]: incremental
constructionof the setof b-ary partitionsof n, infinite extensionandcodingby an infinite tree. This
methodgivesa deepunderstandingof the structureof the setof b-ary partitionsof n. We will obtain
this way a treestructurewhich permitstheenumerationof all theb-arypartitionsof n in lineartime with
respectto their number. We will alsoorderthesepartitionsin a naturalway which givesthedistributive
latticestructureto this set.We recall thata lattice is a partially orderedsetsuchthatany two elementsa
andb have a leastupperbound(calledsupremumof a andb anddenotedby a � b) anda greatestlower
bound(calledinfimumof a andb anddenotedby a � b). Theelementa � b is thesmallestelementamong
theelementsgreaterthanbotha andb. Theelementa � b is defineddually. A latticeis distributive if for
all a, b andc: � a � b� ��� a � c� � a ��� b � c� and � a � b� ��� a � c� � a ��� b � c� . A distributive lattice is a
stronglystructuredset,andmany generalresults,for exampleefficient codingandalgorithms,areknown
aboutsuchsets.For moredetails,seefor example[DP90].

Notice that if we considerb � 1 andrestrict the problemto partitionsof lengthat mostn, thenwe
obtainthecompositionsof n, i.e. theseriesof atmostn integers,thesumof whichequalsn. Many studies
alreadydealwith this specialcase. In particular, the (infinite) distributive lattice R1 � ∞ � which we will
introducein Section4 is isomorphicto thewell known Younglattice[Ber71]. Therefore,wewill suppose
b � 1 in thefollowing. Noticehowever thatsomeof theresultswe presentherearealreadyknown in this
specialcase(for examplethedistributive latticestructure),thereforethey canbeseenasanextensionof
theexisting ones.

2 The lattice structure
In thissection,wedefineasimpledynamicalmodelwhichgeneratesall theb-arypartitionsof aninteger.
Wewill show thatthesetof b-arypartitions,orderedby thereflexiveandtransitiveclosureof thesuccessor
relation,hasthedistributive latticestructure.

Let usconsiderab-arypartitionp � � p0 � p1 ��
�
�
�� pk � 1 � of n, andlet usdefinethefollowing transition(or

rewriting) rule: p
i��� q if andonly if for all j

���� i � i � 1 � , q j
� p j , pi  b, qi

� pi
� b andqi ! 1

� pi ! 1
� 1

(with theassumptionthat pk
� 0). In otherwords,if pi is at leastequalto b thenq is obtainedfrom p by

removing b unitsfrom pi andaddingoneunit to pi ! 1. We call thisoperationfiring i. Theimportantpoint
is to noticethatq is thena b-ary partitionof n. We call q a successor† of p, andwe denoteby Succb � p�
thesetof all thesuccessorsof p, with respectto therule. We denoteby Rb � n� thesetof b-ary partitions
of n reachablefrom � n� by iteratingtheevolution rule, orderedby the reflexive andtransitive closureof
the successorrelation. Notice that thesuccessorrelationis the coveringrelationof theorder, sinceit is
definedasthetransitiveandreflexiveclosureof thesuccessorrelation,andonecaneasilyverify thatthis
relationhasno reflexive(x ��� x) andno transitive (x �"� zwith x �"� y andy ��� z) edge.SeeFigure1
for someexamples.

Given a sequencef of firings, we denoteby # f # i the numberof firings of i during f . Now, consider
an elementp of Rb � n� , andtwo sequencesf and f $ of firings which transform � n� into p. Then, pi

�# f # i � 1
� b � # f # i � # f $ # i � 1

� b � # f $ # i . Supposethat thereexists an integer i suchthat # f # i �� # f $ # i , andlet i
bethesmallestsuchinteger. Then, # f # i � 1

� # f $ # i � 1 andtheequality # f # i � 1
� b � # f # i � # f $ # i � 1

� b � # f $ # i is
† Noticethatthetermsuccessorcanhavemany differentmeanings.Wefollow herethestandardusagein discretedynamicalmodels,

but in ordertheorythetermhasanothermeaning,andonemayalsoconsiderthatasuccessorof anintegern shouldbetheinteger
n % 1, which is not thecasehere.
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Fig. 1: Fromleft to right, thesetsR2 & 9' , R3 & 9' , R3 & 10' , R3 & 11' , R3 & 12' andR3 & 15' . FromTheorem1, bothof these
setsis a distributive lattice.

impossible.Therefore,we have # f # i � # f $ # i for all i. This leadsto thedefinitionof theshotvectors� p� :
s� p� i is thenumberof timesonehave to fire i in orderto obtainp from � n� . Now wecanprove:

Lemma 1 For all p andq in Rb � n� , p ( q if andonly if for all i, s� p� i  s� q� i .
Proof : If p ( q, i.e. p is reachablefrom q thenit is clearthatfor all i, s� p� i  s� q� i . Conversely, if there
exists i suchthats� p� i � s� q� i , thenlet j bethesmallestsuchinteger. Therefore,q j � p j

� b andsoq can
befiredat j. By iteratingthis process,we finally obtainp, andso p ( q.

Theorem1 For all integers b andn, theorder Rb � n� is a distributive latticewhich containsall theb-ary
partitionsof n, with theinfimumandsupremumof anytwo elementsp andq definedby:

s� p � q� i � min � s� p� i � s� q� i � ands� p � q� i � max� s� p� i � s� q� i � 

Proof : Wefirst show thatRb � n� containsall theb-arypartitionsof n. Considerp ab-arypartitionof n. If
p � � n� , thenp � Rb � n� , sowe supposethat p

�� � n� . Therefore,theremustbeaninteger i � 0 suchthat
pi � 0. Let usdefineq suchthatq j

� p j for all j
��
� i � 1 � i � , qi � 1

� pi � 1
� b andqi

� pi
� 1. It is clear

thatq is a b-ary partitionof n, andthatif q � Rb � n� thenp � Rb � n� sinceq
i � 1��� p. It is alsoobviousthat,

if we iteratethis process,we go backto � n� , andso p � Rb � n� .
We now provetheformulafor theinfimumandthesupremum.Let p andq bein Rb � n� , andr suchthat

s� r � i � min � s� p� i � s� q� i � . FromLemma1, p andq arereachablefrom r. Moreover, if p andq arereachable
from t � Rb � n� , then,from Lemma1, r is reachablefrom t sincewe musthave s� t � i ( min � s� p� i � s� q� i �
(elseonecannot transformt into p or q). Therefore,r is the supremumof p andq, asclaimedin the
theorem.Theargumentfor theinfimum is symmetric.Finally, to prove thatthelatticeis distributive, we
only have to checkthattheformulaesatisfythedistributivity laws.

Wewill now show thatthedynamicalmodeldefinedherecanbeviewedasaspecialChipFiring Game
(CFG).A CFG [BLS91, BL92] is definedover a directedmultigraph. A configurationof the gameis a
repartitionof a numberof chipsover theverticesof thegraph,andit obeys thefollowing evolution rule:
if avertex ν containsasmany chipsasits outgoingdegreed, thenonecantransferonechipalongeachof
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its outgoingedges.In otherwords,thenumberof chipsat ν is decreasedby d and,for eachvertex v
�� ν,

thenumberof chipsat v is increasedby thenumberof edgesfrom ν to v. This modelis verygeneraland
hasbeenintroducedin variouscontexts, suchasphysics,computerscience,economics,andothers.It is
in particularverycloseto thefamousAbelianSandpileModel [LP00].

It is known that the set of reachableconfigurationsof sucha game,orderedwith the reflexive and
transitive closureof thetransitionrule, is a Lower Locally Distributive (LLD) lattice (see[Mon90] for a
definitionandproperties),but it is notdistributive in general[BL92, LP00, MPV01]. However, if a lattice
is LLD andits dual,i.e. thelatticeobtainedby reversingtheorderrelation,alsois LLD, thenthelatticeis
distributive. Therefore,wecangiveanotherproofof thefactthatRb � n� is adistributivelatticeby showing
thatit is thesetof reachableconfigurationsof a CFG,andthatits dualtoo‡.

Given two integersn and b, let us considerthe following multigraphG � � V � E � definedby: V �
� 0 ��
�
�
�� n � and thereare bi ! 1 edgesfrom the i-th vertex to the � i � 1� -th, for all n � i ( 0. Now, let
us considerthe CFGC definedover G by the initial configurationwherethe vertex 0 containsn chips,
the otheronesbeingempty. Now, givena configurationc of the CFG,whereci denotesthe numberof
chips in the vertex numberi, let us denoteby c̄ the vector suchthat c̄i

� ci
bi . Then, if the CFG is in

theconfigurationc, anapplicationof the rule to thevertex numberi givestheconfigurationc$ suchthat
c$i � ci

� bi ! 1, c$i ! 1
� ci ! 1

� bi ! 1 andc$ j � c j for all j
��
� i � i � 1 � . Notice that this meansexactly that c̄i

is decreasedby b andthat c̄i ! 1 is increasedby 1, thereforean applicationof the CFG rule corresponds
exactly to anapplicationof theevolutionrulewedefinedabove,andsothesetof reachableconfigurations
of theCFGis isomorphicto Rb � n� . This leadsto thefactthatRb � n� is aLLD lattice.

Conversely, let G$ be themultigraphobtainedfrom G by reversingeachedge,andlet usconsiderthe
CFGC$ overG$ suchthattheinitial configurationof C$ is thefinal configurationof C. Thenit is clearthat
thesetof reachableconfigurationsof C$ is nothingbut thedualof theoneof C, thereforeit is isomorphic
to the dual of Rb � n� . This leadsto the fact that the dual of Rb � n� is a LLD lattice, which allows us to
concludethatRb � n� is a distributive lattice.

3 From Rb
)
n* to Rb

)
n + 1*

In this section,we give a methodto constructthe transitive reduction(i.e. the successorrelation) of
Rb � n � 1� from theoneof Rb � n� . In thefollowing, we will simply call this theconstructionof Rb � n � 1�
fromRb � n� . Thiswill show theself-similarityof thesesets,andgiveanew way, purelystructural,to obtain
a recursiveformulafor #Rb � n� # , which is previouslyknown from [Rod69] (thespecialcasewhereb � 2 is
dueto Euler[Eul50]). Thisconstructionwill alsoshow thespecialroleplayedby certainb-arypartitions,
which will bewidely usedin the restof thepaper. Therefore,we introducea few notationsaboutthem.
We denoteby Pi � b � n� thesetof thepartitionsp in Rb � n� suchthat p0

� p1
� ����� � pi � 1

� b � 1. Notice
that for all i we have Pi � b � n�-, Pi ! 1 � b � n� andthatP0 � b � n� � Rb � n� . If p � � p0 ��
�
�
�� pk � 1 � is in Pi � b � n� ,
we denoteby p. / i the k-uple � 0 ��
�
�
�� 0 � pi

� 1 � pi ! 1 ��
�
�
�� pk � 1 � . In otherwords, p. / i is obtainedfrom p
by switchingall the i first componentsof p from b � 1 to 0 andaddingoneunit to its i-th componend§.
Noticethatthek-uple p. / 0, which is simply obtainedfrom p by addingoneunit to its first component,is
alwaysab-arypartitionof n � 1. If S is a subsetof Pi � b � n� , we denoteby S. / i theset � p. / i # p � S� .
‡ This ideais dueto ClémenceMagnien,who introducedthis new way to prove thata set is a distributive lattice usingtwo Chip

Firing Games.
§ Thisoperatoris known in numerationstudiesasanodometer. See[GLT95] for moreprecisions.
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Notice that, if p
i��� q in Rb � n� , then p. / 0

i�"� q. / 0 in Rb � n � 1� . This remarkmakesit possibleto
constructRb � n � 1� from Rb � n� : the constructionprocedurestartswith the lattice Rb � n� . / 0 givenby its
diagram.Then,we look for thoseelementsin Rb � n� . / 0 thathave a successorout of Rb � n� . / 0. Thesetof
theseelementswill bedenotedby I0, with I0 , Rb � n� . / 0. At this point,we addall themissingsuccessors
of theelementsof I0. Thesetof thesenew elementswill bedenotedbyC0. Now, welook for theelements
in C0 thathave a successorout of theconstructedset. Thesetof theseelementsis denotedby I1. More
generally, at the i-th stepof theprocedurewe look for theelementsin Ci � 1 with missingsuccessorsand
call Ii thesetof theseelements.We addthenew successorsof theelementsof Ii andcall thesetof these
new elementsCi . At eachstep,whenwe adda new element,we alsoaddits covering relations. Since
Rb � n � 1� is a finite set,this procedureterminates.At theend,we obtainthewholesetRb � n � 1� . In the
restof thissection,we studymorepreciselythis constructionprocess.

Lemma 2 Let p be a b-ary partition in Pi � b � n� . If pi
�� b � 1 thenSuccb � p. / i � � Succb � p� . / i . Else,

Succb � p. / i � � Succb � p� . / i 0 � p. / i 1 1 � .
Proof : If atransitionp

j��� q ispossible,thenp. / i
j��� q. / i isobviouslypossible.Moreover, anadditional

transitionis possiblefrom p. / i if andonly if pi
� b � 1. In this case,p. / i

i�"� p. / i 1 1.

Lemma 3 For all integerb,n andi, wedefinethefunctionr i : Pi � b � n� � Rb � n! 1
bi
� 1� by: r i � p� is obtained

from p � Pi � b � n� by removing its i first components(which are equalto b � 1). Then,r i is a bijection.

Proof : Let usconsiderp in Pi � b � n� : p � � b � 1 � b � 1 ��
�
�
2� b � 1 � pi ��
�
�
�� pk � . Then,it is clearthatr i � p� �� pi ��
�
�
�� pk � is in Rb � n � � b � 1�3� � b � 1� b �"4 4 4 � � b � 1� bi 5 1

bi � � Rb � n! 1 � bi

bi � � Rb � n! 1
bi 1 1

� 1� . Conversely, if weconsider

p in Rb � n! 1
bi
� 1� , thenr � 1

i � p� � � b � 1 � b � 1 ��
�
�
6� b � 1 � p0 � p1 ��
�
�
�� pk � is a b-ary partition of m � � b �
1� � � b � 1� b �7�����3� � b � 1� bi � 1 � n! 1 � bi

bi , which is nothingbut n. Therefore,r � 1
i � p� is in Rb � n� .

Lemma 4 For all integer b, n andi, wehaveIi � Pi ! 1 � b � n� . / i andCi
� Pi ! 1 � b � n� . / i 1 1.

Proof : By inductionover i. For i � 0, it is clear from Lemma2 that the setof elementsin Rb � n� . / 0

with amissingsuccessor, namelyI0, is exactlyP1 � b � n� . / 0. Moreover, thesetof thesemissingsuccessors,
namelyC0, is clearly P1 � b � n� . / 1. Now, let us supposethat the claim is proved for i andlet us prove it
for i � 1. ThesetIi ! 1 is thesetof elementsin Ci with onemissingsuccessor. By inductionhypothesis,
we have Ci

� Pi ! 1 � b � n� . / i 1 1 andso, from Lemma2, Ii ! 1
� Pi ! 2 � b � n� . / i 1 1. Then,by applicationof the

evolution rule, it is clear that the setCi ! 1 of the missingsuccessoris Pi ! 2 � b � n� . / i 1 2, which provesthe
claim.

Theorem2 For anypositiveinteger b andn, wehave:

Rb � n� �98
i : 0

r � 1
i ; Rb ; n

bi
� 1<�< . / i

#Rb � n� # �>= n? b@∑
i A 0

Rb � i
b �

where B denotesthedisjoint union,where Rb � n� is takenas /0 whenn is not a positiveinteger, andwith
Rb � 0� � � 0 � .
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Proof : Fromtheconstructionproceduredescribedabove,wehaveRb � n� � Rb � n � 1� . / 0 C B i : 0Ci . From
Lemma4, weobtainRb � n� � Rb � n � 1� . / 0 C B i : 0Pi ! 1 � b � n� . / i 1 1. Moreover, sinceRb � n � 1� . / 0 is nothing
but P0 � b � n� . / 0, this is equivalent to Rb � n� � B i : 0Pi � b � n� . / i . Finally, from Lemma3, we obtain the
announcedformula.

From this formula, we have Rb � nb � � B i : 0 r � 1 � Rb � n
bi 1 1

� 1� . / i � . Therefore, #Rb � n� # � ∑i : 0 #Rb � n
bi
�

1� # � #Rb � n � 1� # � ∑i : 0 #Rb � n
bi 1 1

� 1� # � #Rb � n � 1� # � #Rb � nb � # . We obtaintheclaim by iteratingthis last
formula.

Thefirst formulagivenin this theoremcanbeusedto computethesetsRb � n� efficiently sinceit only
involvesdisjoint unions. We will give in Section5 anothermethodto computeRb � n� which is much
simplier, as it givesRb � n� a treestructure. However, the formula is interestingsinceit pointsout the
self-similarstructureof theset(seeFigure4).

The secondformula is previouly known from [Rod69], and from [Eul50] in the specialcasewhere
b � 2. Notice that this doesnot give a way to compute#Rb � n� # in linear time with respectto n, which is
anunsolvedproblemin thegeneralcase,but it givesaverysimpleway to computerecursively #Rb � n� # .
4 Infinite extension
Rb � n� is the latticeof theb-ary partitionsof n reachablefrom � n� by iterationof theevolution rule. We
now defineRb � ∞ � asthesetof all b-arypartitionsreachablefrom � ∞ � . TheorderonRb � ∞ � is thereflexive
andtransitive closureof thesuccessorrelation.For b � 2, thefirst b-ary partitionsin Rb � ∞ � aregivenin
Figure2 alongwith theircoveringrelation(thefirst component,whichis alwaysinfinity, is notrepresented
on thisdiagram).Noticethatit is still possibleto definetheshotvectors� p� of anelementp of Rb � ∞ � by:
s� p� i is thenumberof timesonehasto fire i in orderto obtainp from � ∞ � .

111
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114

215

026 31

7 0011241

011

11 81 52 40123

01

1
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10122518

9 61 32 03 201

10 71 42 13 301

Fig. 2: Thefirst b-arypartitionsobtainedin Rb & ∞ ' whenb D 2. Two partsisomorphicto R2 & 4' aredistinguished,as
well astwo partsisomorphicto R2 & 7' .
Theorem3 ThesetRb � ∞ � is a distributivelatticewith:

s� p � q� i � min � s� p� i � s� q� i � ands� p � q� i � max� s� p� i � s� q� i �
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for all p andq in Rb � ∞ � . Moreover, for all n thefunctions

π : s � � s1 � s2 � ����� � sk � ��� π � s� � � ∞ � s2 ��
�
�
�� sk �
and

τ : s � � s1 � s2 � ����� � sk � �E� τ � s� � � ∞ � s1 � s2 ��
�
�
�� sk �
are lattice embeddingsof Rb � n� into Rb � ∞ � .
Proof : Theproof for thedistributive latticestructureandfor theformulaeof theinfimumandsupremum
is verysimilar to theproof of Theorem1. Therefore,it is left to thereader.

Given p andq in Rb � n� , we now prove thatπ � p� � π � q� � π � p � q� . FromTheorem1, we have s� p �
q� i � min � s� p� i � s� q� i � . Moreover, it is clearthats� π � x��� i � s� x� i for all x in Rb � n� . Therefore,s� π � p �
q��� i � min � s� π � p��� i � s� π � q��� i ��� , whichshows thatπ preservesthesupremum.Theproofof π � p� � π � q� �
π � p � q� is symmetric.Therefore,π is a latticeembedding.

Theproof for τ is very similar whenonehasnoticedthat the shotvectorof τ � s� is obtainedfrom the
oneof sby addinga new first componentequalto n.

With similar arguments,onecaneasilyshow thatπ � Rb � n��� is a sublatticeof π � Rb � n � 1��� , andsowe
haveaninfinite chainof distributive lattices:

π � Rb � 0��� ( π � Rb � 1��� ( ����� ( π � Rb � n��� ( π � Rb � n � 1��� ( ����� ( Rb � ∞ � �
where ( denotesthe sublatticerelation. Moreover, one can usethe self-similarity estalishedhereto
constructfilters of Rb � ∞ � (a filter of a posetis anupperclosedpartof theposet).Indeed,if onedefines
Rb �F( n� asthe sub-orderof Rb � ∞ � over 0 i G nRb � i � , thenonecanconstructefficiently Rb �F( n � 1� from
Rb �F( n� by extractingfromRb �F( n� apartisomorphictoRb � n � 1� andpastingit to Rb �F( n� . SeeFigures2
and4.

Noticethat,for all integerb, Rb � ∞ � containsexactlyall thefinite sequencesof integers,sinceany such
sequencecanbeviewedasa b-ary partitionof anintegern. Therefore,we provide infinitely many ways
to give thesetof finite sequencesof integersthedistributive latticestructure.

5 Infinite tree
As shown in our constructionof Rb � n � 1� from Rb � n� , eachb-ary partition p in Rb � n � 1� is obtained
from anotheronep$ � Rb � n� by applicationof the . / operator:p � p$ . / i with i anintegerbetween0 and
l � p$ � , wherel � p$ � denotesthenumberof b � 1 at thebeginningof p$ . Thus,we candefineaninfinite tree
Tb � ∞ � whosenodesaretheelementsof B n : 0Rb � n� andin which thefatherhoodrelationis definedby:

q is the � i � 1� -th sonof p if andonly if q � p. / i for somei � 0 ( i ( l � p� 

The root of this treeis � 0� andeachnodep of Tb � ∞ � hasl � p� � 1 sons.Thefirst levelsof Tb � ∞ � when
b � 2 areshown in Figure3 (wecall thesetof elementsof depthn the“level n” of thetree).

Proposition1 Theleveln of Tb � ∞ � containsexactlytheelementsof Rb � n� .
Proof : Straightforwardfrom theconstructionof Rb � n � 1� from Rb � n� givenaboveandthedefinitionof
thetree.

If we defineRb � n� as � � s2 ��
�
�
�� sk � #H� s1 � s2 ��
�
�
�� sk � � Rb � n� � , then:



8 MatthieuLatapy

1001311 121 102

1

2 01

3 11

4 21 02 001

5 31 12 101

6 41 22 03 201 011

7 51 32 13 301 111

8 61 42 23 04 401 211 021 002 0001

9 52 33 14 50171

Fig. 3: Thefirst levelsof Tb & ∞ ' whenb D 2. We distinguishedsomespecialsubtrees,which will play animportant
role in thefollowing.

Proposition2 For all integer n, the elementsof Rb � n� are exactly the elementsof the I nb J first levelsof
Tb � ∞ � .
Proof : Let usfirst prove that theelementsof Rb � n� arethenodesof a subtreeof Tb � ∞ � thatcontainsits
root. This is obviously true for n � 0. Thegeneralcasefollows by induction,sinceby constructionthe
elementsof Rb � n � 1�LK Rb � n� aresonsof elementsof Rb � n� .

Now, let usconsideranelementeof the l -th level of Tb � ∞ � . If thereis ab-arypartition p of n suchthat
p � e, thenclearlypi

� ei � 1 for all i � 0 andp0
� n � b � l . Therefore,if e is in Rb � n� thenall theelements

of the l -th level arein Rb � n� , andthis is clearlythecaseexactlywhen0 ( l � I nb J . Thisendstheproof.

Noticethat this propositiongivesa simpleway to enumeratetheelementsof Rb � n� for any n in linear
timewith respectto their number, sinceit givesthisseta treestructure.Algorithm 1 acheivesthis.

We will now show that Tb � ∞ � canbe describedrecursively, which allows us to give a new recursive
formulafor #Rb � n� # . In orderto do this, we will usea seriesknown astheb-ary carrysequence[Slo73]:
cb � n� � k if bk dividesn but bk! 1 doesnot. Noticethatthis functionis definedonly for n � 0 (or onecan
considerthatcb � 0� � ∞). Theseseriesappearin many contexts, andhave many equivalentdefinitions¶.
Here,we will mainly usethe fact that thefirst n suchthatcb � n� � k is n � bk, andthe fact thatcb � n� is
nothingbut the numberof componentsequalto b � 1 at the begining of the canonicalrepresentationof
n � 1 in thebasisb.

Definition 1 Let p � Tb � ∞ � . Letusconsidertherightmostbranch of Tb � ∞ � rootedat p (p is consideredas
thefirstnodeof thebranch). Wesaythat p is theroot of a Xb M k subtree(of Tb � ∞ � ) if this rightmostbranch
is asfollows: for i ( bk � 1, thei-th nodeon thebranch has j � cb � i � � 1 sons,andthel-th (1 ( l � j) of
thesesonsis theroot of a Xb M l subtree. Moreover, the � bk � 1 � 1� -th nodeof thebranch is itself theroot of
a Xb M k subtree.

For example,weshow in Figure3 aX2 M 2 subtreeof T2 � ∞ � , composedof a X2 M 1 subtreeandanotherX2 M 2
subtree.NoticethataXb M 1 subtreeis simply achain.

¶ For example,if onedefinestheseriesCb N 0 O 0 andCb N i O Cb N i 5 1 P b Q 1 timesR SUT V
i P Cb N i 5 1 , thencb W i X is nothingbut the i-th integerof theseries

Cb N i . Thetenfirst valuesfor c2 W i X are0 P 1 P 0P 2 P 0 P 1 P 0 P 3 P 0 P 1 andthetenfirst onesfor c3 W i X are0 P 0 P 1 P 0 P 0P 1 P 0 P 0 P 2 P 0.
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Algorithm 1 Efficientenumerationof theelementsof Rb � n� .
Input : An integern anda basisb

Output : Theelementsof Rb � n�
begin

ResuY � � n� � ;
CurrentLevel YZY � � � � ;
OldLevel Y /0; l Y 0;
while l � I nb J do

OldLevel Y CurrentLevel;
CurrentLevel Y /0;
l Y l � 1;
for eachp in OldLeveldo

i Y 0;
repeat

Add p. / i to CurrentLevel;
i Y i � 1;

until pi � 1
�� b � 1;

for eache in CurrentLeveldo
Createp suchthat pi

� ei � 1 for all i � 0 andp0
� n � b � l ;

Add p to Resu;

Return(Resu);

end
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Proposition3 Let p � � 0 � 0 ��
�
�
�� 0 � pk ��
�
�
 � in Tb � ∞ � with pk � b � 1. Then,p is therootof a Xb M k! 1 subtree
of Tb � ∞ � .
Proof : Theproof is by inductionoverk andthedepthof p. Let usconsidertherightmostbranchrootedat
p. Since,for all q in Tb � ∞ � , therightmostsonof q is q. / i with i thenumberof b � 1 at thebeginningof q, it
is clearthatthe j-th nodeof thisbranchfor j ( bk is q � � q0 ��
�
�
�� qk � 1 � pk ��
�
�
 � where � q0 ��
�
�
�� qk � 1 � is the
canonicalrepresentationof j � 1 in thebasisb. Therefore,q beginswith cb � j � componentsequalto b � 1,
andso, for l � 1 ��
�
�
�� cb � j � , the l -th sonof q startswith l � 1 zeroesfollowed by a componentequalto
b � b � 1. By inductionhypothesis,wethenhavethatthesonsof q aretherootsof Xb M l subtrees.Moreover,
the � bk � 1� -th nodeontherightmostbranchbeginswith exactlyk zeroesfollowedby acomponentgreater
thanb � 1, andsoit is theroot of aXb M k! 1 subtreeby inductionhypothesis.

Theorem4 Theinfinite treeTb � ∞ � is a Xb M∞ tree: it is a chain (its rightmostbranch) such that its i-th
nodehascb � i � sonsandthe j-th of thesesons,1 ( j ( cb � i � , is theroot of a Xb M j subtree. Moreover, the
i-th nodeof thechain is thecanonicalrepresentationof i � 1 in thebasisb.

Proof : Sincetherightmostsonof p � Tb � ∞ � is p. / i , wherei is thenumberof b � 1 at thebeginningof
p, andsincetherootof Tb � ∞ � is nothingbut thecanonicalrepresentationof 0, it is clearby inductionthat
the i-th nodeof therightmostbranchof Tb � ∞ � is thecanonicalrepresentationof i � 1 in thebasisb. Then,
thetheoremfollows from Proposition3.

Wenow havearecursivedescriptionof Tb � ∞ � , whichallowsusto giverecursiveformulafor thecardinal
of somespecialsets.Let usdenoteby πb � l � k� the numberof pathsof lengthexactly l startingfrom the
root of a Xb M k subtreeof Tb � ∞ � . We have:

Theorem5

πb � l � k� �\[]^
]_

1 if 0 ( l � b

1 � ∑l
i A 1 ∑cb � i �j A 1 πb � l � i � j � if b ( l ( bk � 1

πb � l � bk � 1 � k� � ∑bk 5 1

i A 1 ∑cb � i �j A 1 πb � l � i � j � otherwise(l � bk � 1)

Moreover, #Rb � n� # � πb � n � n� and the numberof b-ary partitionsof n into exactly l parts is πb � n � � b �
1� l � l � .
Proof : The formula for πb � l � k� is directly deducedfrom the definition of the Xb M k subtrees.The other
formulaederive from Theorem4 andfrom the fact that all the b-ary partitionsof length l are in a Xb M l
subtreeof Tb � ∞ � which is rootedat the � b � 1� l -th nodeof therighmostbranchof Tb � ∞ � .
6 Perspectives
Theresultspresentedin this papermainly point out thestrongself-similarityandthestructureof thesets
Rb � n� . As alreadynoticed,it is an openquestionto computethe cardinalof Rb � n� in linear time with
respectto n, andonemayexpectto obtaina solutionusingtheseresults.

Another interestingdirection is to investigatehow one can extend the dynamicswe study. A first
idea is to considernon-integer basis,in particularcomplex basisor Fibonnaccibasis. For example,if
we considerthe complex basisb � i � 1 then we canobtain all the ways to write an integer n as the
sumof powersof b by iteratingthe following evolution rule from � n� : q is a successorof p if p � q �
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� 0 ��
�
�
�� 0 � 2 � 0 � � 1 � � 1 � 0 
�
�
6� 0� . In other words, we can decreaseby two the j-th componentof p and
increaseby oneits � j � 2� -th andits � j � 3� -th componentsfor someinteger j. This givesto the setof
representationsof n in the complex basisb � i � 1 the lattice structure,sincethis canbe encodedby a
Chip Firing Game[LP00] (noticehowever that in this casethelattice is no longerdistributive). Another
interestingcaseis whenb � 1. As alreadynoticed,weobtaintheYounglattice,or equivalentlythelattice
of thecompositionsof n.
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